Abstract: We show that generalised geometry gives a unified description of maximally supersymmetric consistent truncations of ten-and eleven-dimensional supergravity. In all cases the reduction manifold admits a "generalised parallelisation" with a frame algebra with constant coefficients. The consistent truncation then arises as a generalised version of a conventional Scherk-Schwarz reduction with the frame algebra encoding the embedding tensor of the reduced theory. The key new result is that all round-sphere S d geometries admit such generalised parallelisations with an SO(d + 1) frame algebra. Thus we show that the remarkable consistent truncations on S 3 , S 4 , S 5 and S 7 are in fact simply generalised Scherk-Schwarz reductions. This description leads directly to the standard non-linear scalar-field ansatze and as an application we give the full scalar-field ansatz for the type IIB truncation on S 5 .
Introduction
Consistent truncations of gravitational theories are few and far between [1, 2] . The classic example is compactification on a local group manifold M = G/Γ, where Γ is a discrete, freely-acting subgroup of a Lie group G. If the discrete group acts on the left, the left-invariant vector fieldsê a define a global frame so M is parallelisable. the coefficients f ab c are constant. If in addition the "unimodular" condition f ab b = 0 is satisfied then one has a consistent truncation [3] . If the theory is pure metric, the scalar fields in the truncated theory come from deformations of the internal metric. One defines a new global frameê
where U a b (x) depends on the uncompactified coordinates x. This frame defines the vielbein for the transformed metric. By construction the scalar fields U a b (x) parameterised a GL(d, R)/O(d) coset. The truncated theory is gauged by the group G with the Lie algebra given by the Lie bracket (1.1).
More generally, as first considered by Scherk and Schwarz [3] , any field theory can be reduced on M using left-invariant objects, and by definition the resulting truncation will be consistent. In particular, one can consider reductions of heterotic, type II or eleven-dimensional supergravity [4, 2, [5] [6] [7] . Since the parallelisation means the tangent space is trivial, M also admits global spinors and the truncated theories have the same number of supersymmetries as the original supergravity theory. The structure of such gauged supergravity theories is very elegantly captured by the embedding tensor formalism [8] .
In addition to these local group manifold reductions, there is a famous set of remarkable consistent reductions on spheres, notably S 7 [9] and S 4 [10] for elevendimensional supergravity, S 5 for type IIB (for which a subsector is known to be consistent [11] ), and S 3 for the NSNS sector of type II supergravity [12] . However, generically reductions on coset spaces are not consistent and there is "no known algorithmic prescription" [2] for understanding the appearance of these few special cases.
In this paper we argue for a systematic understanding of consistent truncations in terms of generalised geometry. In generalised geometry one considers structures on an generalised tangent space E. In the original formulation [13, 14] E ≃ T M ⊕T * M, and the structure on E, together with the natural analogue of the Levi-Civita connection, capture the NSNS degrees of freedom of type II theories and the bosonic and fermionic equations of motion [15] (see [16] and also [17] for earlier geometric reformulations using the closely related Double Field Theory formalism [18] ). There are also other versions of generalised geometry [19] [20] [21] [22] with structures and connections which capture, for example, the full set of bosonic fields and equations of motion of type II and eleven-dimensional supergravity [23, 24] . The central point for us is that in each case there is a direct generalised geometric analogue of a local group manifold, namely a manifold equipped with a global frame {Ê A } on E such that
where X AB C are constant. By definition E is then trivial and we say the frame defines a "generalised parallelisation" of M [25] . Since E is trivial, the related generalised spinor bundle [19] is also trivial and hence one also has globally defined spinors. Thus we expect any truncated theory to have the same number of supersymmetries as the original supergravity. Just as for the pure metric case, one can define a "generalised Scherk-Schwarz" reduction by defining a rotated generalised framê
One is led to conjecture:
Given a generalised parallelisation {Ê A } satisfying (1.3) there is a consistent truncation on M preserving the same number of supersymmetries as the original theory with embedding tensor given by X AB C and scalar fields encoded by (1.4) .
For compactifications on local group manifolds the conventional global frame {ê a } always defines a generalised global frame, and this conjecture has already, at least implicitly, appeared in the literature [4, 7, 25] . In addition, without assuming a consistent truncation, the relation between the frame algebra and the embedding tensor of the reduced theory has been identified [26, 23, 27, 28] both in conventional generalised geometry and in the language of Double Field Theory [18] and its M-theory extensions [29] . The generalised Scherk-Schwarz ansatz (1.4) is also in practise used, for the metric components, in the original work on S 7 [30, 9] , and, recently, this has been extended to all the flux components [31] . In [32] the four-dimensional embedding tensor for conventional Scherk-Schwarz reductions was also calculated from eleven dimensions using the "generalised vielbein postulate" which, as we discuss in the conclusions, is connected to the algebra (1.3).
The key point of this paper is to show that above conjecture also includes the sphere truncations. In contrast to the case of conventional geometry where it is a famous result that only S 1 , S 3 and S 7 are parallelisable [33] , we show that, within an appropriate notion of generalised geometry,
All spheres S d are generalised parallelisable.
Furthermore we show for the round spheres they admit a frame with constant coefficients X AB C encoding a SO(d + 1) gauging. In the cases of S 3 , S 4 , S 5 and S 7 this generalised geometry (or an extension of it) encodes the appropriate ten-or eleven-dimensional supergravity. In particular we show that the frame algebra (1.3) reproduces the appropriate embedding tensor for the SO(d+1) gauging of the reduced theory, and the generalised Scherk-Schwarz deformations (1.4) match the standard scalar field ansatz for sphere consistent truncations [10, 35, 11, 34] . In the S 7 case, we should note that the tensor components of the parallelising generalised frame have recently appeared in [31] building on the seminal work of [36, 9] .
The paper is organised as follows. In section 2 we define the GL + (d + 1, R) generalised geometry relevant to the S d generalised parallelisations. We define the global generalised frame, show that (1.3) defines an so(d+1) Lie algebra, and describe the generalised Scherk-Schwarz reduction of the scalar fields. Section 3 describes how this structure encodes the classic sphere consistent truncations on S 3 , S 4 , S 5 and S 7 . As an application we derive the general scalar-field ansatz for the S 5 truncation of type IIB. Section 4 gives our conclusions.
Spheres and generalised geometry
Let us start by showing how the round sphere S d with a d-form field strength F has a very natural interpretation as a parallelisation of a particular version of generalised geometry. This will provide the basic construction for each of our supergravity examples.
The set-up
Consider a theory in d dimensions with metric g and d-form field strength F = dA, satisfying the equations of motion
where
This admits a solution with a round sphere S d metric of radius R.
We define various relevant geometrical objects on S d in Appendix A. Here we simply note that, in terms of constrained coordinates δ ij y i y j = 1 with i, j = 1, . . . , d+ 1, we can write the metric of radius R on S d as
There are d + 1 conformal Killing vectors k i which satisfy
with L k i g = −2y i g. The rotation Killing vectors can be written as
with the SO(d + 1) algebra under the Lie bracket
The original formulation of generalised geometry due to Hitchin and Gualtieri [13, 14] , considers structures on a generalised tangent space E ≃ T M ⊕ T * M. There is a natural action of O(d, d) × R + on the corresponding frame bundle, and defining an O(d)×O(d) sub-structure, or equivalently a generalised metric G, captures the NSNS degrees of freedom of type II theories. However, this is only one of family of possible generalised geometries where one considers structures on different generalised tangent spaces [19] [20] [21] [22] . These capture the bosonic degrees of freedom of the bosonic fields of other supergravity theories, in particular those of type II and eleven-dimensional supergravity.
Since the sphere background has a d-form field strength it is natural to consider a generalised geometry with a
One can write generalised vectors V = v + λ ∈ E or, in components, as
As usual E is really defined as an extension
If locally F = dA and A is patched by
then the patching of E is given by
where v (i) ∈ T U i and λ (i) ∈ Λ n−2 T * U i . This means that, given a vectorṽ, a formλ, and a connection A then
is a section of E, where the last equation is just a definition of the "A-shift" operator e A . In other words a choice of connection A defines an isomorphism between sections V of T M ⊕ Λ d−2 T * M and sections V of E. Given a pair of sections V = v + λ and W = w + µ the Dorfman or generalised Lie derivative is just the standard Dorfman bracket [13, 14] 
One can also define the corresponding Courant bracket as the antisymmetrization
This particular extension of the tangent space gives an interesting generalised geometry because there is a natural action of positive determinant transformations GL + (d + 1, R) on E, where sections transform in the [22] . (The case of d = 4 was first considered in [37, 19, 29, 38] .) Concretely, we write the generalised vector index M as an antisymmetric pair [mn] of GL + (d + 1, R) indices, where m, n = 1, . . . , d + 1, so that
where we are using the isomorphism where
In terms of v and λ we have
and we see that r m n parameterises the usual GL(d, R) action on tensors. We see that the corresponding adjoint bundle adF decomposes as
and is indeed (d + 1) 2 -dimensional. Note that a generates the "A-shift" transformation (2.11). Also setting c =
The partial derivative ∂ m naturally lives in the dual generalised vector space
One can write the generalised Lie derivative in GL + (d + 1, R) form via the usual formula [23] ( 22) where V · U denotes the contraction between elements of E and E * , while U × ad V is the projection from E * ⊗E onto the adjoint representation of Lie algebra gl(d+1, R). Concretely we have
The form of L V given in (2.22) naturally extends to an action on any given GL
As usual the bosonic degrees of freedom g and A, together with an extra overall scale factor ∆, parameterise a generalised metric
, and using the definition (2.23) of the contraction V M U N , we have (cf. [37, 19, 29, 24] and see also [39] )
antisymmetrised separately on the sets of m i and n i indices. The factor ∆ is related to warped compactifications in supergravity theories [23, 24] as we will see.
Another way to view the generalised metric, and see more explicitly that it is invariant under SO(d+1), is to note that we can also consider generalised tensors that transform in the fundamental (d + 1)-dimensional representation of GL + (d + 1, R). We define a (d + 1)-dimensional bundle of weighted vectors and densities, as in [24] for the case d = 4, 25) where sections K = q + t ∈ W can be labelled as 26) and we are using the isomorphism (det 
Given the isomorphism (2.6) one can define a sub-class of orthonormal frames that transform under an SO(d) subgroup of SO(d + 1) and can be written in terms of the conventional orthonormal frameê a , and their dual one-forms e a , defined by the metric g. These are called "split frames" in [15, 23] , and here are given bŷ
It is important to note that any local rotation of the framê Generalised parallelisability means that the GL + (d + 1, R) generalised vector bundle (2.6) admits a global generalised frame and hence is trivial. On the sphere with flux F = dA, we define the global frame aŝ
where v ij are the SO(d + 1) Killing vectors on S d given in (2.4) and 35) where the functions y i are the constrained coordinates δ ij y i y j = 1. To see that the frame is globally defined note that
so, while the vector and form parts can separately vanish, each combinationÊ ij is always non-zero. By construction, they are globally defined sections of E. Furthermore, from (2.24) we have
where we have used (A.10). We see that the frame is orthonormal with respect to the generalised metric on the round sphere. Note the corresponding globally defined dual frame E i is given by
which is clearly globally defined and non-vanishing since dy i = 0 when y
We can also calculate the analogue of the Lie bracket algebra ofÊ ij by calculating the generalised Lie derivatives. One finds 39) where in going from the second to the third line we have used F = R −1 (d − 1) vol g and the identity (A.11). Thus by (2.5) and (A.9) we have
We see that the generalised Lie derivative algebra of the frame is simply the Lie algebra so(d + 1).
Generalised
Recall that, given a conventional parallelisable manifold M, if the Lie bracket algebra of the frameê
has constant f ab c then the parallelisation defines a Lie algebra and we have a local group manifold: M is either a Lie group or a discrete, freely-acting quotient of a Lie group. It is well-known that such spaces admit consistent truncations [1, 2] , provided f ab b = 0 [3] . The standard metric is given by a bilinear on the Lie algebra, for instance the Killing form, so
The scalar fields of the truncated theory correspond to a Scherk-Schwarz [3] reduction. One considers GL(d, R) rotations of the frame that are constant on M (though depend on the coordinates x in the non-compact space) 43) where the symmetric matrix
We have shown that the S d sphere is actually a direct generalised geometric analogue of a local group manifold. It admits a globally defined orthonormal frame, and the generalised Lie derivative of the frame defines a Lie algebra so(d + 1). Thus it is natural to consider a generalised Scherk-Schwarz reduction (1.4). The new generalised frame is given byÊ
The new inverse generalised metric is then given by
where we define the symmetric object
In what follows we will actually only need to consider SL(d + 1, R) transformations so we can take det T = 1. Thus T ij parameterises an SL(d + 1, R)/SO(d + 1) coset. Inverting (2.24), we find the general form of the inverse metric, in terms of component fields g ′ , A ′ and warp factor ∆ ′ ,
(2.46) Comparing the two expressions gives
where the index on v ij in the second line is lowered using g ′ mn and A is the fixed potential on the original undeformed S d . Since we are considering
The analysis of the metric then follows from that in [10, 35] . Using i v ij dy k = R −1 (y i δ jk − y j δ ik ) and (A.13) we have
Hence, using (A.15), we have
As we will see, for the cases of interest, this exactly agrees with the standard scalar field ansatz for sphere consistent truncations [30, 40, 10, 35, 11, 34] .
2 Note that the factor of 
Consistent truncations on spheres
We now discuss how the generalised parallelisability of S d relates to the classic supergravity sphere solutions: the S 3 near-horizon NS-fivebrane background, AdS 7 ×S 4 in eleven-dimensional supergravity, AdS 5 ×S 5 in type IIB, and AdS 4 ×S 7 in elevendimensional supergravity.
Each of these examples has a corresponding consistent truncation on the S d sphere to a seven-, five-or four-dimensional gauged supergravity theory. This has been shown explicitly for S 7 [9] , S 4 [10] and S 3 [12] and for a subsector of S 5 [11, 34] . We will consider each example in turn, demonstrating how the generalised geometry encodes the embedding tensor and the scalar field ansatz for the consistent truncation. In particular we give the general scalar ansatz for the S 5 case.
S 3 and SO(3, 3) generalised geometry
The solution of type II supergravity corresponding to the near-horizon limit of parallel NS fivebranes has the form of a three-sphere times a linear dilaton background
,
where R is the radius of the three-sphere. In terms of GL + (4, R) generalised geometry on the S 3 the relevant generalised tangent space is now
and, since for d = 3 we can simply set c = 0 in the algebra (2.19) and restrict to an SL(4, R) action. The structure groups can be viewed as
where we have used the fact that for d odd the generalised metric is preserved by a SO(d + 1)/Z 2 group. We see that we have the original O(d, d) generalised geometry considered by Hitchin and Gualtieri [13, 14] . The SO(4) generalised frame is simply
and the algebra (2.40) is the so(4) ≃ so(3) × so(3) Lie algebra. To see this in a basis that is more conventional for O(d, d) generalised geometry, first introduce the usual left-and right-invariant vector fields on S
with the corresponding left-and right-invariant one-forms
We also chose a gauge
as the anti-self-dual and self-dual combinations ofÊ ij we havê 
we have
where η is the usual 11) and G is the generalised metric (2.24) (with ∆ = 0). Under the generalised Lie derivative the algebra reads
and we see the su(2) × su(2) algebra explicitly.
Relation to gauged supergravity
It is known that there is a consistent truncation of type IIA supergravity on S 3 [34, 12] giving a maximal SO(4) gauged supergravity in seven dimensions 4 . Making a further consistent truncation to the NSNS fields gives a half-maximal SO(4) gauged theory. The embedding tensor of the half-maximal gauged supergravity [42, 8] is a threeform X ABC where A = 1, . . . 6 labels an SO(3, 3) vector index. If one raises one index with the O(3, 3) metric one can regard X AB C = (X A ) B C as a set of so(3, 3) matrices labelled by the index A. To define a gauged supergravity one requires the quadratic constraint [8] [
In terms of the generalised geometry X is encoded in the frame algebra (1.3). The quadratic condition simply follows from the Leibniz property of the generalised Lie derivative and X can be interpreted as the generalised torsion of the unique generalised derivativeD satisfyingDÊ A = 0 [23] (see also appendix C). This is again in complete analogy with the conventional geometrical structure of a local group manifold -there is a unique torsionful connection (the Weitzenböck connection) satisfying∇ê a = 0 such that the torsion of∇ equals the structure constants of the Lie algebra. As in the conventional case, the generalised versionD, discussed in [43, 44] , can be defined if and only if the space is generalised parallelisable.
For the S 3 parallelisation, we see from (3.12) that
with all other components vanishing. In SL(4, R) indices the self-dual and anti-self dual parts of X ABC correspond to X ij and X ′ij and we have X ij = R −1 δ ij . This indeed matches the known embedding tensor for the SO(4) theory [46, 45] .
We can also identify the scalar fields of the truncated theory. Given the frame is always required to be orthonormal with respect to the
Specialising to the S 3 case, and using GL + (4, R) indices we can follow the discussion of section 2.4. We find the form of the metric and B-field from (2.50)
We see that the warp-factor ∆ ′ is trivial and the metric and B-field scalar dependence on T matches exactly that for the S 3 consistent truncation in [34, 12] .
Other parallelisations
It is interesting to note that other parallelisations of E exist, and give different gaugings and truncation ansatze on the same round S 3 space. In particular, we could choose a frame based solely on the left-invariant vectors and one-formŝ The algebra now reads
This is clearly a different gauging, not isomorphic under SO (3, 3) transformations to the SO(3) × SO(3) gauging of the previous section, since the embedding tensor X M N P is now not self-dual. Instead it defines an SO(3) gauging [46, 45] . This is really a convention flux compactification on a group manifold, where l a defines the conventional parallelisation. To match the usual description, we can fix a different convention for the generalised frame, taking the linear combinationŝ 18) such that η takes the form
The algebra then reads
As usual, f ab c characterises the Lie algebra of the group manifold (here su (2)) and 
where R is the radius of the four-sphere and we are using the conventions of [23, 24] . That this theory has a consistent truncation to seven dimensions has been proven by Nastase, Vaman and van Nieuwenhuizen [10] . In terms of the GL + (5, R) generalised geometry on the S 4 we have
However this is precisely the generalised (exceptional) geometry in four dimensions [19] , where we identify the U-duality exceptional group and its maximally compact subgroup
This geometry was discussed in the context of an extension of Double Field Theory in [29, 38] and in the general context of exceptional generalised geometry and generalised curvatures in [23, 24] . The embedding tensor X AB C in this case transforms in the 15+40 representation of SL(5, R) [49] . From the form of the frame algebra (2.40), one finds that the two components are given by 25) which reproduces the standard embedding tensor of maximal seven-dimensional SO(5) gauged supergravity [50] . The scalar field ansatz is given by (2.50) where A is a three-form. Again this agrees with the ansatz derived in [10] .
3.3 S 5 and E 6(6) generalised geometry
We next consider the AdS 5 ×S 5 solution [51] of Type IIB supergravity 26) where R is the radius of the five-sphere, vol g is the volume form on S 5 , vol AdS is the volume form on AdS 5 and F is the self-dual five-form RR flux. We are using the conventions of [52] for the type IIB supergravity.
If we keep the full degrees of freedom of the Type IIB theory, the GL + (6, R) generalised geometry embeds in a larger (exceptional) E 6(6) × R + generalised geometry [19, 23] . This is summarised in appendix B, partly using results of Ashmore [53] . One considers the 27-dimensional generalised tangent space [19] 
where α labels a doublet of the IIB S-duality SL(2, R) group. There is an natural action of E 6(6) × R + on V ∈ E that preserves the symmetric top-form cubic invariant [53] c(V, V, V ) =
where we lower SL(2, R) indices by u α = ǫ αβ u β . For V, V ′ ∈ E there is a generalised Lie derivative [23, 53] , just as in (2.22) but now such that × ad projects onto the E 6(6) × R + adjoint representation,
This captures diffeomorphisms together with the type IIB gauge transformations of NSNS and RR fields. There is also a generalised metric G which is invariant under the maximal compact subgroup H 6 = USp(8)/Z 2 ⊂ E 6(6) × R + and unifies all the bosonic degrees of freedom along with the warp factor ∆ of the non-compactified space. The corresponding generalised orthonormal frame {Ê A } transforms in the 27 representation of USp (8) . For what follows we can actually use the decomposition under the subgroup
where i = 1, . . . , 6 andα = 1, 2. The orthonormal condition reads
Given the isomorphism (3.27) we can again define a sub-class of orthonormal frames that transform under an SO(5) subgroup of SO(6) ⊂ USp(8)/Z 2 . The corresponding "split" generalised frame {Ê A }, analogous to (2.30), can be written aŝ We have the usual SL(2, R) framê 34) and define Bα =fα α B α =fα α ǫ αβ B β and e a 1 ...an = e a 1 ∧ · · · ∧ e an . The split frame encodes the string-frame metric g, dilaton φ and warp factor ∆, while the NSNS two-form is given by B 1 and the RR form field potentials are C (0) = C, C (2) = B 2 , and C (4) = A. Note that the inverse generalised metric can be written as
Certain components of G −1 are given explicitly in (B.17). For the application to S 5 we are interested in structures defined by the subgroups 36) where again SL(2, R) is the S-duality group. We find that the generalised tangent space decomposes as
Comparing with (2.25) we see that
This means that it is a GL + (6, R) ≃ R + × SL(6, R) one-form weighted by a R + factor of (det T * M) −1/2 . We now show that the S 5 solution actually gives a parallelisation of the full tangent space E. We define a framê
where the SL(2, R) frame is simply (3.34) with constant dilaton φ and RR scalar C.
Since the E (0) component is exactly of the type discussed in section 2 we just use the frame (2.34) which we know is globally defined. For E (a) we note that dy i vanishes on y 2 i = 1 so the frame is nowhere vanishing (and is essentially the dual of theÊ i frame on W ). It is easy to see that the parallelising frame (3.39) is orthonormal, satisfying (3.31), for the round sphere with flux background (3.26) .
We can again work out the algebra of the frame under the generalised Lie derivative (3.29). SinceÊ ai is closed this reduces to using the generalised Lie derivative for the GL + (6, R) subgroup. We find
Note that unlike the previous examples we have
and (3.40) does not define a Lie algebra but rather a Leibniz algebra.
Consistent truncations and the general scalar ansatz on S 5
It is widely believed that there is a consistent truncation on S 5 to an SO(6) maximally supersymmetric d = 5 supergravity. The metric and five-form flux subsector was shown to be consistent in [11, 34] , but otherwise there is no complete derivation of consistency. In the following we will show that generalised parallelisable structure (3.39) reproduces the correct gauge structure and matches the known scalar ansatz for g mn and A m 1 ...m 4 . Furthermore we will derive the full scalar ansatz including the remaining bosonic fields.
The embedding tensor T AB C of five-dimensional maximally supersymmetric supergravity transforms in the 351 representation of E 6(6) [54] . Decomposing under SL(6, R) × SL(2, R) this splits as 351 = (21, 1) + (15, 3) + (84, 2) + (6, 2) + (105, 1).
(3.42)
For the SO(6) gauging, only the (21, 1) component is non-zero. Specifically, decomposing the E 6(6) index as A = {ii ′ ,αi}, one has
with all other components vanishing. We see that the algebra (3.40) corresponds to X ij = R −1 δ ij in agreement with the standard SO(6) gauging embedding tensor [54] .
The scalar fields in the truncation enter via the usual Scherk-Schwarz rotation
Note that under GL + (6, R) × SL(2, R), given a generalised vector V A = (V ii ′ , Vα i ) the cubic invariant is given by [53] c(V, V, V ) = 1 2
and U is defined as the transformation that leaves c invariant. Unlike the previous cases, we cannot easily parameterise the coset E 6(6) / USp (8) . However, comparing (B.17) for the split frame (3.32) we can read off expressions for the metric and potentials
where the spacetime index on v jj ′ in the last two expressions is lowered using g ′ mn . Note that totally antisymmetrizing the final expression eliminates the B ′α terms. Comparing with (B.18) we also find
which defines the new SL(2, R) metric h ′αβ . These expressions are the direct analogues of those derived for the S 7 truncation in [9, 36, 31] . If one specialises to the case where U A B parameterises only the SL(6, R)/ SO(6) subspace, that is take U ii ′ ja = U ia jj ′ = 0 and U ai bk = δ b a δ j i , we are back to the case discussed in section 2. The two-form fields vanish, B α = 0, φ and C are already moduli, and in addition
which is in complete agreement with the ansatz of [11, 34] . 
S
where R is the radius of the seven-sphere andF is the seven-form flux, that is the eleven-dimensional dual of the usual four-form. Here we are using the conventions of [23, 24] . It is a classic result due to de Wit and Nicolai [9, 62] that this background admits a consistent truncation to SO (8) gauged N = 8 supergravity in four dimensions.
Here we will give a new interpretation of this truncation in terms of generalised geometry. The generalised frame (3.55) described below has, in fact, already appeared in the work of [31] as has the form of the scalar ansatz [9, 30, 31] . However, the key new points are, first, to note that this frame is a parallelisation of the generalised tangent space and, second, that the SO(8) embedding tensor is encoded in the frame algebra under the generalised Lie derivative. This shows that the truncation actually falls within the class of generalised Scherk-Schwarz reductions.
If we keep all the degrees of freedom of the eleven-dimensional supergravity, we are led to an E 7(7) ×R + (exceptional) generalised geometry. One considers the generalised tangent space [19, 20] 
which transforms as the 56 1 representation under E 7(7) × R + action, where a scalar
which captures diffeomorphisms together with the gauge transformations of threeform and dual six-form gauge fields. There is also a generalised metric which is invariant under the maximal compact subgroup H 7 = SU (8)/Z 2 and unifies all the bosonic degrees of freedom along with the warp factor ∆. The corresponding generalised orthonormal frame {Ê A } transforms in the complex two-form 28 C representation of SU (8) . For what follows we can actually use the decomposition under the subgroup SO(8) ⊂ SU (8)/Z 2 , giving
The orthonormal condition reads
5 The "j-notation" for the T * M ⊗ Λ 7 T * M component is described in [20, 23, 24] .
Note that the full SU (8) representation and its conjugate have the form
where γ ij αβ are Spin(8) gamma matrices, α, β = 1, . . . , 8 are SU (8) indices and we are matching the conventions of [23, 24] . Given the isomorphism (3.50) we can again define a sub-class of orthonormal frames that transform under an SO(7) subgroup of SO(8) ⊂ SU (8)/Z 2 . The corresponding "split" generalised frame {Ê A }, analogous to (2.30), can be written aŝ where e ab = e a ∧ e b etc. and A andÃ are the three-and dual six-form potentials respectively. This particular form of E 7(7) frame first appeared in an extended (4 + 56)-dimensional formulation of eleven-dimensional supergravity in [55] . It arose via a non-linear realisation of E 7(7) , following an embedding in E 11 , in [56] and in generalised geometry in [23, 24] . It recently appeared in the context of extending the original de Wit-Nicolai analysis of [36] in [31] .
For the current application to S 7 we are interested in structures defined by the subgroups
We find that the generalised tangent space decomposes under GL + (8, R) as
We now show that the S 7 solution actually gives a parallelisation of the full tangent space E. We define a framê
where ω ij and τ ij are defined in (A.8). Note that ω ij = 0 when y 2 i + y 2 j = 1 whereas τ ij = 0 when y i = y j = 0 so eachÊ ′ij is non-vanishing. Furthermore, using the form of the generalised metric [23, 24] and (A.10) we see that the frame is orthonormal. Note that the SU (8) form (3.54) of this frame has already appeared in [31] .
We can again work out the frame algebra under the generalised Lie derivative (3.51). Since ω ij is closed this reduces to using the generalised Lie derivative for the GL + (8, R) subgroup. We find
Again, unlike the S 3 and S 4 examples, we have 62) and (3.61) defines a Leibniz algebra. To make the local SU (8)/Z 2 symmetry more manifest, and hence match more closely the de Wit-Nicolai formulation [9, 36, 31] , we can use the combinations (3.54). The frame algebra then reads
Let us now connect to the consistent truncation. The embedding tensor T AB C of four-dimensional N = 8 supergravity transforms in the 912 representation of E 7(7) [57] . Decomposing under SL(8, R) this splits as
For the SO (8) gauging, only the 36 component is non-zero. Specifically, decomposing the E 7(7) index as as two pairs of indices ii ′ as in (3.60), we have
with all other components vanishing. We see that the algebra (3.61) corresponds to X ij = R −1 δ ij in agreement with the standard SO(8) gauging embedding tensor [57] .
The scalar fields in the truncation enter via the usual Scherk-Schwarz rotation. In this case, this was already described in [9, 36, 31] . For completeness, let us include them here. In our notation, one haŝ
Following [31] , comparing with the split frame (3.56) we can read off expressions for the metric and potentials
where the index on v ii ′ is lowered using g ′ mn . Note that antisymmetrizing the last expression eliminates the A ′ term. We also have, using the fact that |vol G | is unchanged by a E 7(7) transformation [23] 
Finally, if one specialises to the case where U A B parameterises only the SL(8, R)/ SO(8) subspace, that is take U ii ′ jj ′ = U ii ′ jj ′ = 0, we are back to the case discussed in section 2. The three-form A vanishes, and
matching the expressions in [35, 34] .
Conclusions
This paper presents a unified description of maximally supersymmetric consistent truncations in terms of generalised geometry. We have seen that there is a direct analogue of a local group manifold (or "twisted torus"), namely that the manifold admits what might be called a Leibniz generalised parallelisation (or a "generalised twisted torus structure"). This means the generalised tangent space E admits a global generalised frame {Ê A }, such that under the generalised Lie derivative
with constant X AB C . In general this defines a finite-dimensional Leibniz algebra. The existence of such a frame allows one to consider a supersymmetric generalised Scherk-Schwarz reduction and X AB C becomes the embedding tensor of the truncated theory. The key point of this paper was to show that the "exceptional" sphere compactifications are actually of this type. This relied on the demonstration that all round spheres admit Leibniz generalised parallelisations. Viewed this way, the exceptional sphere truncations are no different from the conventional Scherk-Schwarz reductions on a local group manifold.
A natural question to ask is how the unimodular condition f ab b = 0 of conventional Scherk-Schwarz truncations [3] appears in the generalised context. As shown in [23] , and summarised in appendix C, the embedding tensor X is equal to the torsion of the generalised Weitzenböck connection. However generically the torsion is a section of K ⊕ E * [15, 23] where
+ generalised geometry the K representations are listed in [23] . However, the embedding tensor lies only in the representation K [8] (provided the theory has an action [58] ) so there is a condition that the E * component vanishes. This is the analogue of the unimodular condition and reads
In appendix C we calculate X BA B for both the O(d, d)×R + (C.9) and E d(d) ×R + (C.10) cases, given a conventional Scherk-Schwarz reduction with flux. If the dilaton φ and warp factor ∆ are to be single-valued and bounded we see that
Thus we indeed reproduce the standard unimodular condition for Scherk-Schwarz reductions. Note that (4.2) is also identically satisfied for the sphere truncations. In this paper, we have not proven that the truncations are consistent but only identified the gauge structure in terms of the frame algebra and also the scalar field ansatz. In general, one needs ansatze for the gauge fields and any other tensor fields, as well as the fermions. In the type IIB case, one already knows [11] , for instance, that consistency requires the correct self-duality condition on the five-form flux, which we have not considered here. However, just as in conventional Scherk-Schwarz compactifications, all these ansatze should follow simply from the existence of a global generalised frame. For example, the gauge fields appear as sections of E with gauge transformations generated by the generalised Lie derivative, so that [43, 59] 
In general [59, 60] , this will extend to a whole tensor hierarchy [61] .
Recall that consistency of a conventional Scherk-Schwarz truncation is essentially trivial (see for example [2] ). By expanding in the full set of left-invariant objects one can never generate something outside the truncation, since such an object is by definition not left-invariant. Assuming the full ten-or eleven-dimensional theory can be reformulated with the generalised geometry manifest, along the lines first suggested in [36] , developed in [23, 24] for the internal space, and most recently formulated in full in [59, 60] , one might expect that the proof of consistency for Leibniz generalised parallelisations is then equally straightforward.
Though not the main point of this discussion, it is interesting to connect the generalised geometry of [23] to the internal "generalised vielbein postulate" (GVP) of [36, 62, 31] , used to reformulate eleven-dimensional supergravity in a 4+7 split and defined prior to any reference to a consistent truncation. The GVP is a differential condition on the generalised split frame {Ê A } (3.56) that has a form reminiscent of the usual relation between frame and coordinate expressions for a connection, namely [36, 62] . This was then extended to all components in [31] . The generalised geometry of [23, 24] gives a precise interpretation of the GVP. The GVP takes the form
where Ω m includes both Q m and P m defined in [31] , Ξ has a restricted "triangular" form so that, for example Ξ 
is not torsion-free. It is also an E 7(7) -valued generalised connection, and, as such, in cannot directly act on spinors to define, for example, the supersymmetry variations. Instead in [36] the connection is split into SU (8) irreducible representations, and it is shown that the supersymmetry variations can be written in terms of these pieces, hence fixing the coefficients α, β and γ. As noted, D GVP M is defined using the GL(7, R) decomposition of E 7(7) ×R + since, for example, only
is non-zero, and Ξ m has a particular form. In [23, 24] a different generalised connection was defined, that is, in some ways, more natural. By allowing all components of D M to be non-trivial, one can define a direct analogue of the Levi-Civita connection, namely a torsion-free, SU (8) generalised connection, with no need for a decomposition under GL (7, R) . The internal supersymmetry transformations, and the bosonic and fermionic equations of motion are then written directly using D M . Whether the appearance of this connection also extends to the full reformulation of the theory, including dependence on the additional four dimensions, is an interesting open question. At least for the full O(10, 10) × R + formulation of type II theories, we know that the analogous torsion-free connection is indeed the appropriate object [16, 15] .
As a final point, it is obviously of importance to classify what spaces M admit suitable generalised parallelisations. This would give a (possibly exhaustive) class of maximal gauged supergravities that appear as consistent truncations. Note first that the conditions of generalised parallelisability in general, and the existence of a Leibniz generalised parallelisation in particular, are much weaker than the conventional conditions of parallelisability and a local group manifold structure respectively, as is seen by the S 5 and S 7 examples. One condition [25] that can immediately be derived from the existence of a Leibniz generalised parallelisation is that M is necessarily a coset space M = G/H, where g, the Lie algebra of G, is a subalgebra of the Leibniz algebra (1.3). A general classification would thus address the old question of exactly which coset spaces admit consistent truncations [2] . Of particular interest is whether or not the recently discovered family of four-dimensional, N = 8, SO (8) gaugings [63] appear as truncations within this class. of radius r = R is given by
One has
where k i are the conformal Killing vectors satisfying
In addition one has
By considering
We define the SO(d + 1) Killing vectors 6) such that under the Lie bracket
It is also useful to define
Since y i and dy i transform in the fundamental representation under L v ij and vol g is invariant, we immediately have that all these tensors transform in the adjoint representation, that is,
(A.9)
We also have, contracting indices with the sphere metric,
(A.10)
Finally we note
where in the going to the second line we use
We also use a couple of further identities. Defining the set of tensors A i m n = v m ij ∂ n y j we have
Since dy i is an overcomplete basis for T * M this implies that A i is proportional to the identity matrix, namely,
Finally, suppose we have a metric
then [10, 35] one has
This can be seen by considering the variation with respect to T ij
Using (A.13), one has 18) which integrates to (A.15).
B Type IIB E 6(6) generalised geometry
In this appendix we summarise the main ingredients of E 6(6) × R + generalised geometry as applied to type IIB supergravity. The form of the generalised tangent space was first given in [19] . The patching, generalised Lie derivative, and form of the split frame are given implicitly in [23] after applying the IIB decomposition described in the appendix C of that paper. Several of the explicit expressions given here were derived in unpublished work by Ashmore [53] and we are very grateful for the permission to summarise them.
One considers the 27-dimensional generalised tangent space [19] 
This transforms in the 27 1 representation of E 6(6) × R + , with a weight one under the R + -factor, where a scalar 1 k of weight k is a section of (det T * M) k/3 [23] . The split of V above represents the decomposition under a SL(2, R) × GL(5, R) subgroup where SL(2, R) is the type IIB S-duality group. The symmetric E 6(6) cubic invariant is given by [53] c(V, V, V ) =
where we lower SL(2, R) indices by u α = ǫ αβ u β . Note that this is a five-form because of the weight of the generalised vector. There is a nilpotent subgroup of E 6(6) that acts as [53] 
where B α ∈ Λ 2 T * M and A ∈ Λ 4 T * M. As in (2.10) the generalised tangent space is really patched by
If B α and A are two-form and four-form gauge potentials patched by
the corresponding gauge-invariant field strengths are
As in (2.11) we can use the gauge potentials to define the isomorphism in (B.1) by
whereṼ is a sum a vector and p-forms (without additional patching). Given a pair of generalised vectors we have the generalised Lie derivative [23, 53] 
where × ad projects onto the E 6(6) × R + adjoint. Letfα α be an SL(2, R) frame, and fα α the dual frame, which we can write explicitly in terms a parametrisation of SL(2, R)/ SO(2) aŝ Ifê a and e a are a conventional frame for T M and its dual, then we can define a split frame by [23, 53] 12) where τ = C + ie −φ . We then have the Bianchi identity for the five-form field strength (B.6) dF = − 1 2
We see that our conventions for the gauge potentials and axion and dilaton match the standard definitions, as for example in [52] . The NSNS two-form is B 1 , while the RR potentials are C (0) = C, C (2) = B 2 and C (4) = A. Using the split frame we can define the generalised metric 7 G by [23] G(Ê A ,Ê B ) = δ AB (B.14)
where given
} we define (compatible with the conventions mentioned in footnote 1)
with all other components vanishing. Equivalently we can define the inverse generalised metric as
In components, we note in particular that
(B.17) and G
where h αβ = δαβfα αfβ β is the inverse SL(2, R) metric. Explicity one has
(B.19)
7 This is not to be confused with the complex three-form G just defined.
C Generalised connections and conventional Scherk-Schwarz
In this appendix we recall and expand slightly two of the results of [23] . 
Let us now see how the analogous concepts arise in generalised geometry. A generalised connection [64, 15, 23 ] is a first-order linear differential operator D M which acts on generalised vectors as
Acting on a local frame {Ê A } one can define the analogue of the spin connection
The generalised one-forms Ω A B are Lie-algebra valued. If the corresponding group is H we have an H-compatible generalised connection. If H ⊆ G, where G is the generalised structure group G (here E d(d) ×R + or O(d, d) × R + ), we can also always define the torsion T of the generalised connection as [15, 23] 8 , given V ∈ E,
where T (V )
P is an element of the adjoint representation of G. Note that in general the torsion lies in only particular irreducible representations of G [15, 23] T ∈ K ⊕ E * , (C.5)
where for O(d, d) × R + we have E ≃ E * and K = Λ 3 E, while for E d(d) ×R + one finds K transforms in the same representation as the embedding tensor, for example 912 for E 7(7) and 351 for E 6(6) . The key results of [15, 23] 
are first that
There always exists a torsion-free, H-compatible generalised connection, where H is the maximally compact subgroup of G.
and second that, although this connection is not unique, there is a unique Ricci tensor which captures the bosonic equations of motion on the compactification space. (For O(d, d) this was first described using the DFT formalism in [16] and [17] .) Furthermore the internal contributions to the supersymmetry variations can be written in terms of unique H-covariant projections of the connection, the generalised geometric analogues of the Dirac operator [15, 23, 24] .
Just as in the conventional case, Ω is a global section of E This is the generalised Weitzenböck connection [43, 44] . As in the conventional case, the structure constants of the frame algebra are given by the generalised torsion (in frame indices) of the generalised Weitzenböck connection [15, 23] 9
where {E A } is the dual generalised basis on E * . Now suppose the generalised parallelisation arises from a conventional localgroup manifold. Letê a be an invariant global frame for T M, for example the leftinvariant vector fields. Let e a be the dual frame for T * M. The split frame (3.18) for O(d, d) or (3.56) for E 7(7) (more generally see eq. (3.19) of [15] and eq. (2.15) of [23] ) is globally defined, and gives a generalised parallelisation. Furthermore, we can identify the generalised Weitzenböck connection as the lift D∇ M , as defined in [15, 23] , of the conventional Weitzenböck connection∇ m . The corresponding torsion was calculated in [15, 23] where again F abcd andF a 1 ...a 7 are the frame components of the fluxes and ∂ a ∆ is the frame component of the derivative of the warp factor. We see that in each case, provided the frame components of the fluxes and ∂ a φ and ∂ a ∆ are constant, then we are indeed in the class of generalised parallelisations with constant X AB C , that is we have a Leibniz generalised parallelisation. If we take ∂ a φ = f ab a = 0 or ∂ a ∆ = f ab a = 0 we see that these frame algebras match the standard gaugings in the literature [4, 7, 25] and [6, 32] .
We can also calculate the trace X A = X BA B . We find that 
